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Abstract
A subspace X of a vector space over a field K is hyperinvariant with
respect to an endomorphism f of V if it is invariant for all endomorphisms of
V that commute with f . We assume that f is locally nilpotent, that is, every
x ∈ V is annihilated by some power of f , and that V is an infinite direct sum
of f -cyclic subspaces. In this note we describe the lattice of hyperinvariant
subspaces of V . We extend results of Fillmore, Herrero and Longstaff (Linear
Algebra Appl. 17 (1977), 125–132) to infinite dimensional spaces.
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1. Introduction
Let V be a vector space over a field K and let f be an endomorphism
of V . A subspace X of V is called hyperinvariant (with respect of f) if X is
invariant for all endomorphisms of V that commute with f (see [1, p. 227],
[4, p. 305]). An endomorphism f of V is said to be locally nilpotent [5,
p. 37] if every x ∈ V is annihilated by some power of f . In this note we
are concerned with locally nilpotent endomorphisms with the property that
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the underlying vector space V is an infinite direct sum of finite-dimensional
f -cyclic subspaces. It is the purpose of our paper to describe the lattice of
hyperinvariant subspaces of V . We extend results of Fillmore, Herrero and
Longstaff [2] (see [4, Chapter 9]) to infinite-dimensional spaces.
Let tj, j ∈ N, be the dimensions of the cyclic subspaces that are direct
summands of V . Then V has a decomposition
V =
⊕
j∈N
Vtj , Vtj =
⊕
σ∈Sj
Vtjσ where Vtjσ
∼= K[s]/f tjK[s]. (1.1)
In (1.1) the direct summands of dimension tj are gathered together in sub-
spaces Vtj , respectively. We assume
tj < tj+1, j ∈ N. (1.2)
The main result of the paper is the following.
Theorem 1.1. Suppose V is locally nilpotent with respect to f and let (1.1)
and (1.2) hold. For a subspace X ⊆ V the following statements are equi-
valent.
(i) X is hyperinvariant.
(ii) X is of the form
X =
⊕
j∈N
f rjVtj (1.3)
with
0 ≤ rj ≤ tj , j ∈ N, (1.4)
and
rj ≤ rℓ, tj − rj ≤ tℓ − rℓ, if j ≤ ℓ. (1.5)
(iii) We have
X =
∑
j∈N
(
Im f rj ∩ Ker f tj−rj
)
(1.6)
with (rj)j∈N satisfying (1.4) and (1.5).
The proof of the theorem will be given in Section 2. We first introduce
some notation and recall basic concepts and facts. Let x ∈ V . Define
f 0x = x. The smallest nonnegative integer ℓ with f ℓx = 0 is called the
exponent of x. We write e(x) = ℓ. A nonzero vector x is said to have height
2
q if x ∈ f qV and x /∈ f q+1V . In this case we write h(x) = q. We set
h(0) = ∞. We remark that a decomposition (1.1) implies that V has no
nonzero elements of infinite height. In particular, if x ∈ ⊕rj=1Vtj , x 6= 0, then
h(x) < tr. Let Y be a subspace of V . We set Y [f
i] = Ker
(
f i|Y
)
. Thus, in
the representation (1.1) we have
Vtj [f
ti ] = Vtj if j ≤ i, and Vtj [f
ti ] = f tj−tiVtj if j > i. (1.7)
We note that the decomposition (1.1) is unique up to isomorphism. A corre-
sponding result for abelian p-groups in [3, p. 89] shows that the cardinality
of Sj is given by dim
(
f tj−1V/f tjV
)
[f ]. Let
〈x〉 = span{f ix, i ≥ 0} = {a(f)x; a(s) ∈ K[s]}
be the f -cyclic subspace generated by x. Adapting a definition of [3] we call
a vector u a generator of V if u 6= 0 and V = 〈u〉 ⊕ V2 for some invariant
subspace V2. The set Bu = {u, fu, . . . , f
e(u)−1u} is a Jordan basis of the direct
summand 〈u〉 with respect to the restriction f|〈u〉. The invariant subspaces
of 〈u〉 are 〈f qu〉, q = 0, 1, . . . e(u). Given the decomposition (1.1) we choose
a set of generators {utjσ, j ∈ N, σ ∈ Sj} such that
V =
⊕
j∈N
Vtj , Vtj =
⊕
σ∈Sj
〈utjσ〉 where e(utjσ) = tj . (1.8)
Then x ∈ V can be represented as a sum
x =
∑
j∈N, σ∈Sj
cjσ(f) utjσ, cjσ(s) ∈ K[s], (1.9)
where only finitely many polynomials cjσ(s) are different from the zero poly-
nomial. The representation (1.9) is unique if deg cjσ(s) < e(utjσ) = tj. Since
{utjσ; j ∈ N, σ ∈ Sj} is a basis of V we have
e(x) = max{e
(
cjσ(f)utjσ
)
; cjσ(f)utjσ 6= 0}. (1.10)
Let πtjσ denote the projection of V on 〈utjσ〉 corresponding to (1.8). Thus, if
x is represented by (1.9) then πtjσx = cjσ(f) utjσ. Let End(V ) and Aut(V )
be the endomorphism ring and the automorphism group of V , respectively.
If η ∈ End(V ) then e(ηx) ≤ e(x). Suppose
ηutjσ =
∑
ℓ∈N, τ∈Sℓ
bℓτ (f) utℓτ , bℓτ (s) ∈ K[s]. (1.11)
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Then (1.10) implies e
(
bℓτ (f)utℓτ
)
≤ e(utjσ) = tj if bℓτ (f)utℓτ 6= 0. Hence
f tjbℓτ (f)utℓτ = 0. From e(uℓτ ) = tℓ follows s
tℓ | stj bℓτ (s). Hence, if ℓ > j
then bℓτ (s) = s
tℓ−tjaℓτ (s) for some aℓτ (s) ∈ K[s].
2. Proof of Theorem 1.1
Proof. (i) ⇒ (ii) Let V be given by (1.8) and (1.2). Suppose X ⊆ V is
hyperinvariant. Set Xtjσ = πtjσX . Then
X ∩ 〈utjσ〉 ⊆ Xtjσ ⊆ 〈utjσ〉.
Because of πtjσ ∈ End(V ) we have Xtjσ ⊆ X . Hence Xtjσ = X ∩ 〈utjσ〉, and
therefore Xtjσ is an invariant subspace contained in 〈utjσ〉, and we conclude
that
Xtjσ = 〈f
rjσutjσ〉 for some rjσ with 0 ≤ rjσ ≤ tj.
Then
X ⊆
⊕
j∈N, σ∈Sj
(
πtjσX
)
=
⊕
j∈N, σ∈Sj
(
X ∩ 〈utjσ〉
)
=
⊕
j∈N, σ∈Sj
〈f rjσutjσ〉 ⊆ X
implies
X =
⊕
j∈N
Xtj with Xtj = X ∩ Vtj =
⊕
σ∈Sj
〈f rjσutjσ〉, j ∈ N. (2.1)
Let α
〈j〉
σρ ∈ Aut(A) be the automorphism with exchanges the generators utjσ
and utjρ in the sense that
α〈j〉σρ (utjσ, utjρ) = (utjρ, utjσ), and α
〈j〉
σρ (utjλ) = utjλ if λ /∈ {ρ, σ}.
Then α
〈j〉
σρX = X and α
〈j〉
σρXtj = Xtj . Therefore (2.1) yields rjσ = rjρ for
σ, ρ ∈ Sj . Hence
Xtj = f
rjVtj for some rj with 0 ≤ rj ≤ tj . (2.2)
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To show that inequalities (1.5) are satisfied we use suitable endomor-
phisms ηℓk ∈ End(V ). Let j, k, ℓ ∈ N, τ ∈ Sj. For each ℓ we fix an element
µˆℓ of Sℓ. Let η
ℓ
k be defined on the set of generators {utjτ} of V by
ηℓk utjτ = 0 if j 6= k,
ηℓk utkτ =
{
utℓµˆℓ if k > ℓ
f tℓ−tk utℓµˆℓ if k < ℓ.
Then
Im ηℓk = 〈utℓµˆℓ〉
[
f tk
]
and Ker ηℓk =
⊕
j∈N, j 6=k
Vtj .
Hence (2.1) and (2.2) imply
ηℓkX = η
ℓ
kXtk = η
ℓ
k f
rkVtk .
If k > ℓ then
ηℓk f
rkVtk = 〈f
rkutℓµˆℓ〉 ⊆ Vtℓ ∩X = Xtℓ = f
rℓVtℓ =
⊕
τ∈Sℓ
〈f rℓuℓτ 〉.
Hence 〈f rkutℓµˆℓ〉 ⊆ 〈f
rℓutℓµˆℓ〉, and we obtain rk ≥ rℓ. If k < ℓ then
ηℓkf
rkVtk = 〈f
rkf tℓ−tkutℓµˆℓ〉 ⊆ Xtℓ = f
rℓVtℓ
implies 〈f rk+tℓ−tk utℓµˆℓ〉 ⊆ 〈f
rℓ utℓµˆℓ〉. Thus we obtain rk + tℓ − tk ≥ rℓ, that
is, tℓ − rℓ ≥ tk − rk.
(ii) ⇒ (iii) Let X be a subspace of the form (1.3) with (1.4) and (1.5).
From 0 ≤ rj ≤ tj follows f
rjVtj = Vtj [f
tj−rj ] ⊆ V [f tj−rj ]. Therefore
f rjVtj ⊆ f
rjV ∩ V [f tj−rj ], which implies X ⊆
∑
j∈N
(
f rjV ∩ V [f tj−rj ]
)
.
Now let x ∈ f rjV ∩ V [f tj−rj ], x 6= 0. Then x = f rjy for some nonzero
y ∈ V with f tjy = 0. Let y be decomposed in accordance with (1.3) such
that
y = y1 + · · ·+ yn with yν ∈ Vtjν , yν 6= 0, ν = 1, . . . , n.
Then max {e(yν); ν = 1, . . . , n} = e(y) ≤ tj, and therefore
e(f rjyν) ≤ tj − rj. (2.3)
We have x ∈ X if f rjyν ∈ X , ν = 1, . . . , n. Let jν ≤ j. Then rjν ≤ rj, and
therefore
f rjyν ∈ f
rjVtjν ⊆ f
rjνVtjν ⊆ X.
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Let j ≤ jν . Then tj − rj ≤ tjν − rjν and (2.3) imply
f rjyν ∈ Vtjν
[
f tj−rj
]
⊆ Vtjν
[
f tjν−rjν
]
= f rjνVtjν ⊆ X.
Thus we have shown that x =
∑n
ν=1 f
rjyν ∈ X , which proves the inclusion
f rjV ∩ V [f tj−rj ] ⊆ X for all j ∈ N.
(iii) ⇒ (i) This is obvious, since Im f p and Ker f q are hyperinvariant
subspaces for all p, q ∈ N0.
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